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Abstract. Let tf{z) — (iy9i(z),-- - ,(/3„(z)) be a holomorphic self-map of i?„ 
and il){z) a holomorphic function on S„, and H{Bn) the class of all holomorphic 
functions on i3„, where B„ is the unit ball of C", the weight composition operator 
W^^^ is defined by W^_<^ = ipf{<f) for / e H{Bn). In this paper we estimate 
the essential norm for the weighted composition operator W^^^p acting from the 
Hardy space H'p to H'^ {0 < p,q < oo). When p = oo and <? = 2, we give 
an exact formula for the essential norm. As their applications, we also obtain 
some sufficient and necessary conditions for the bounded weighted composition 
operator to be compact from Rp to W^. 



1. Introduction 

Let Bn be the unit ball of C" with boundary dBn-, o the normalized rotation 
invariant measure on dB^. The class of all holomorphic functions on domain B^ 
will be denoted by H{Bn)- Let ip{z) = {(pi{z), ■ ■ ■ ,ipn{z)) be a holomorphic self- 
map of Bn and iplz) is in Multiplication operator, Composition operator 
and weighted composition operator are defined as follows: 

M4f){z)=^{z)-f{z); 

C^{f){z) = f{v{z))- 
W^,^U){^)=ij{z)-f{^{z)) 

for any / G H{Bn) and z G Bn- 

If let '?/' = 1, then W^^^ = C^] if let = Jrf, then W^^^ = M^. So we can regard 
weighted composition operator as a generalization of a multiplication operator and 
a composition operator. It is easy to show that Cip and W^p^^ take H{Bn) into itself. 
Shapiro's monograph |Shapl| gives an interesting account of these developments. 
See also Cowen and MacCluer's book [CowMac] for a comprehensive treatment of 
these and other related problems with composition operators. 

In the recent years, boundedness and compactness of composition operators be- 
tween several spaces of holomorphic functions have been studied by many authors: 
by Smith jSmilj between Bergman and Hardy spaces, by Jarchow and Ried |JarRj 
between generalized Bloch-type spaces and Hardy spaces, between Bloch spaces 
and Besov spaces and BMOA and VMOA in Tian's thesis |JarR] . on BMOA by 
Simth [Smi2] , and by Simth and Zhao jSmiZj from Bergman and Hardy spaces and 
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Bloch space into Qp spaces. All of papers above focus on studying the composition 
operators in function spaces for 1-dimensional case. 

More recently, there have been many papers focused on studying the same prob- 
lems for n-dimensional case : by Luo and Shi |LSlj between Hardy spaces on the 
unit ball,[LS2] weighted Bergman spaces on bounded symmetric domains, by Zhou 
and Shi[ZSlJ [ZS2J [ZS3J on the Bloch space in polydisk or classical symmetric do- 
mains, Gorkin and MacCluer |GorM] between hardy spaces in the unit ball, and 
Lipschitz space in polydisc by Zhou |Zho] . In all these works the main goal is to 
relate function theoretic properties of to boundedness and compactness of C,^. 

The essential norm of an operator T is by definition its distance to the compact 
operators; that is 

I |T| |e := inf {| |T — 7^1 1 : 7^ compact}. 

Notice that ||T||e = if and only if T is compact, so that estimates on ||T||e lead 
to the conditions for T to be compact. 

In general, there is no easy way to determine the essential norms of composition 
operator or weighted composition operator. 

Let / be in H{Bn)- For < p < oo, / is said to be in the Hardy space H^^Bn) 
provided that 

||/||^= sup / |/(rOrMO<oo. 

0<r<l JaB„ 

The Banach space of bounded holomorphic functions on i?„ in the sup norm is 
donated by H°°. 

When / G H^, then / has radial limits at almost every ([dcr]) point of 9B„, and 
its norm is also given by the U'{da) norm of its radial limit function /*. That 
is 

\\m = [ ir(owo- 

JdB„ 

Typically we continue to write /(^) for the radial limit; occasionally for clarity we 
use the special notation f*{^) for lim^-^i f{rC,). In the whole of paper, E = {(^ E 
dBn '■ |v'*(OI — 1}' which we call it the extreme set of (p. 

It is well known that C^p is always bounded on H'p{D) for < p < oo, this is 
a consequence of a theorem of J. Littlewood, see |CowMac] . where D = Bi is an 
unit disk. In 1987, J.Shapiro |Shap2] determined precisely when acts compactly 
on HP[D), for p < oo, and gave a formula for the essential norm of acting on 
H^{D) in terms of the Nevanlinna counting function for (p. In 2002, L. Zheng 
[Zhe] proved the essential norm of C^p acting on H°°{D) is 1 whenever C^p is not 
compact on H°°{D) (equivalently, whenever ||v9||oo = 1); it is also true when D is 
replaced by the unit ball |GorMS] . For oo > p > q > acting from H^^D) to 

H'^{D) will of course be bounded. H. Jarchow |JarR] and T. Goebeler |Goe] shew 
independently that C<^ is compact if and only if \E\ = 0. 

It seems reasonable to expect the essential norm to be given by a formula that 
involves \E\. In fact, P. Gorkin and B. MacCluer |GorMj pointed out the essential 
norm of C^p acting from H°°{D) to H'^{D) is precisely \E\2 , and they have obtained 
the same results in the setting of Hardy spaces H^{Bn) (we write it in the fol- 
lowing) and also gave some simple estimates for the essential norm of a composition 
operator acting from H°° to if' for q ^ 2 and for q < p < oo, from to H'^ under 
a natural additional condition. Here the additional condition is that there exists 
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< p < oo such that : is bounded, which is naturally satisfied in the 
case n = 1. This assumption has two properties of interest to us: 

(1) No set of positive measure in dBn is mapped by (f* to a set of measure in 
dBn (see Corollary 3.38 of [GorMj ): 

(2) If / e HP{Bn),then for a.e. [da]^ G dB^, U'^fYiO = (see Lemma 
1.6 in [Mac]). 

In our paper, in addition to extend corresponding cases in [GorM] to the weighted 
composition operator, we also get the lower estimates for the essential norm of a 
weighted composition operator from to H'^ for 1 < p < q < oo. 

The remainder of the present paper is assembled as follows: In section 2, we 
refer the reader some Lemmas which needs in next sections. In section 3, we will 
show that the essential norm of the bounded weighted composition operator VF"^,,^ 
is precisely {n^^^p^2{^{E))Y^'^ for the case p = oo, q = 2 (Theorem 3.1), and give a 
estimate for the case p = oo, q ^ 2 (Theorem 3.2). In section 4, we give the upper 
estimate for the case 1 < p < oo (Theorem 4.1) and lower estimate for the case 

1 < g < p < oo (Theorem 4.2). The fundamental ideas of the proof are those used 
by Gorkin and MacCluerin in [GorMj . but some new techniques are still used in 
this section because of the citation of the new measure induced by ip and and 
the difference between weighted composition operator and composition operator. 
li ip = 1, W^^^ = C^, we can completely the corresponding results in [GorMj . 

In sections 5 and 6 (not be considered in Gorkin and MacCluerin's paper), using 
different methods, we obtain some estimates for the essential norms of the weighted 
operator acting from to H°° for p > 1 (Theorem 5.2) and from to H'^ for 
1 < j9 < g < oo (Theorem 6.2). 

All of them are done under the same additional condition. As their applications, 
we also obtained some sufficient and necessary conditions for the weighted compo- 
sition operator to be compact from to H'^ for the above cases. For convenience, 
we always abbreviate if^(i?„) to H^. 

2. Some Lemmas 

Lemma 2.1. Let ip is holomorphic self-map of Bn and ip G , where < p < oo. 
For any measurable subset E of dBn, denote ii^^^.p{E) = J^-i(^E)ndB li^l^dcr. Then 



B„ JdB„ 

where g is an arbitrary measurable positive function in Bn- 

Proof If (7 is a measurable simple function defined on Bn given by g 

n 

Yl OiiXE,, then 



» n n „ 

_ 9dfii,,^,p = y^ai/i^,^,p(-Ei) = V'ai / {^pfda 

Jb„ .^^l -^-^ Jv~^{E,)ndB„ 

„ n 



aB„ 
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Now, if is a measurable positive function in Bn, then we can take an increasing 
sequence {gm} of positive and simple functions such that gmiz) — > g{z) for all 
z G Bn, it follows that 



gmd^^^ip^p ^ / gd^^^ip^p- 

On the other hand, \'ip\^{gm ° is an increasing sequence such that 

\ij{z)\^{grn{v{z))^\ij{z)\^{g{v{z)) 

for all z G -B„, so 



gmdfi^,^,p = / li^l^igm o (p)da / \^p\P{g o (^)rfcr. 

^9B„ JdBn 

And the conclusion follows by the uniqueness of the limit. 

Lemma 2.2. (See pll6 in |Zhu2j ) Suppose < p < oo and / G i^^. T/ien < 
lllilp for nil z G B 

Lemma 2.3. Lei Q be a domain in C", / G H{Q). If a compact set K and its 
neighborhood G satisfy K G G CC Q and p = dist{K, dG) > 0, then 

sup \^{z)\ < sup \f{z)\. 

zeK OZj p zeG 

Proof Since p = dist{K, dG) > 0, for any a ^ K, the polydisc 
Pa = I {zi, ■ ■ ■ ,z„) G C" : \zj -aj\ < -7=, j = 1, ■ ■ ■ ,n 



'n 

is contained in G. Using Cauchy inequality, we have 
Of . . 

So the Lemma follows. 

Lemma 2.4. For fixed < 5 <l, let G = {z e Bn : \z\ <1 - 5}. Then 



<XJ1 sup \f{z)\<y^snp\f{z)\. 



for anyfeR^iBn). 
Proof 



limsup \f{z) — f{rz)\ = 
' zeG 



snp \ f (z) - f{rz)\ = sup\^{f{rzi,rz2r-- ,rzj_i,zj,--- ,Zn) 



zGG z&G ■ -, 



- /(rzi, rz2, ■ ■ ■ , rzj, Zj+i, ■ ■ ■ , Zn))\ 

< supY^I / \zj — {rzi,rZj_i,tZj,Zj+i,- 

z&Gjr[ Jr dz, 

df 

< (1 — r)r?, sup |— — {z)\. 

zeG oZj 

Define Gi = {z E Bn : \z\ < 1 - then G C Gi and dist{G, dGi) = |. 



^z'')dt\ 
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It follows from Lemma 2.3 that 

sup|7^(2;)| < —— sup \ f{z)\. 

z&G OZj 2gGi 

If p = cxD, then 

sup 1/(2;) - f{rz)\ < 

For < p < 00, it follows from Lemma 2.2 that 

\fi \ fi w ^ 2(1 - r)n^ 
sup \f[z)- f[rz)\ < sup 

zgG zed 

2(1 — r)n\/n 
< / ^ sup 

2GG1 

^ 2(1 — r^n^fn 



\\n\v 


(1- 




II, 


/Hp 


(1- 


\z\YIp 
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Let r 1, the conclusion follows. 

Lemma 2.5. (^5*66 corollary 1.3 in |CowMac] ) ^4 sequence in a reflexive functional 
Banach space converges weakly if and only if it is hounded and converges point-wise. 

Lemma 2.6. Assume {/m} is a hounded sequence in H^{Bn){p > 1), and {/„} 
converges weakly to 0, then for any compact operator K from H^{Bn) to Y (Y is 
a normalized linear space), we have \\Kfm\\Y 0. 

Proof This is easily followed by Lemma 2.5 and the property of compact op- 
erator. 

3. From to H'^ 

Case 1. p = 00, q = 2 

It is well known that for any / G H{Bn), f has homogeneous expansion f{z) = 

00 

Fs{z)-, where Fs{z) is the homogeneous polynomial ^ c{a)z°', 2;" = • • • 2;"", 

s=0 \a\=s 

a = (ai, ■ ■ ■ , an), and |a| = ai + ■ ■ ■ «„. 



If f eH\Bn), then 



|^ = V|c(a)n|.1lL 



where 

(n - l)\a\ 



.ai |2 



" in-l + \a\)V 

where {jj^j^} is an orthonormal basis for if^(_B„), and c(a) = D'^f{0)/a\ with 
a\ = ail ■ ■ ■ aj.. If necessary, we refer the reader to see |Rud] . 

For m a positive integer, define the operators from H'^{Bn) to itself: 

00 00 

s=0 s=m+l 

and 

It is easy to show that is compact and ||-Rm|| = 1- 
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Lemma 3.1. VF^^^ : H°° H'^, < q < oo is bounded if and only if ip & H'^. 

Proof If W^^^ is bounded, let / = 1, then W^^^f = ipf{(p) = V G H'^. Con- 
versely, apparently we have < | IV'I U I/I loo for any / G H°°, that is, 
l|W^^,^ll<ll^ll.- 

Using the same methods as that of Gorkin-MacCluer in |GorM] . with minor 
modifications, we can obtain the following Lemmas 3.2 and 3.3. But for the reader's 
convenience, we give still the detail proof for the results. 

Lemma 3.2. IfW^^^ : H'^ H'^ and ip E then 

\\W^^^\\e = lim ||-Rmiy^,^||. 

m^oo 

Proof On one hand, by hypothesis and Lemma 3.1, we know W^^^p is bounded, 
so the compactness of Qm implies that QmW^^^p is also compact, 

||W^i/;,,p||e = \\{Rm + Qm)W-il;,ip\\e = || -RmW^i/>,(/3 1| e < || -Rm Wi/>,(/3 1| , 

it follows that 

II W^,/.,.^ lie < liminf ||i?^W^^ <^||. 

n^oo 

On the other hand, let K : —>■ be compact. Since ||-Rm|| = 1? 
\\W^,^-K\\ > WRrniW^,^ - K)\\ 

= I |-RmW^?/),>p — RmK\ I > I l-RmW^i/j.-pl I — | |-Rm-^| |- 

Note that K is compact, the image of the unit ball in H°° under K has compact 
closure in H^. Since ||-Rm|| = 1 and RmK tends to point-wise in H'^, RmK tends 
to uniformly on the unit ball of H°°, that is ||i?m-^|| — > as n cxo. It follows 
that 

||M/V',</'l|e ^ 1™ 

sup I |i?mW^'i/':¥'l I' 
m— ►oo 

this completes the proof. 

Lemma 3.3. For W^^^ : — > and ip G , if k is fixed positive inte- 
ger and g is any non-constant holomorphic function on Bn with \ \g\\oo < 1? then 
\\QkW^^^{g"')\\2 ^ as m oo. 

Proof If a is a multi- index with |a| < k, then 

lk1l^ = T^^^^^<(fc!r-c(n,fc). 
{n-l + \a\y. 

Since -D"(0, ^) C Bn and Cauchy's estimates, for any holomorphic function F in 
Bn, we have 

^<(2n)H||F| 
a'. 

where I l-P'l loo d"(o — ) denotes the maximum modulus of F on the polydisc D (O,^)- 

Since the series coefficients for F are c(a) = ^^—^r^, we get the series coefficients 
for %l) ■ g"^ o if are bounded above by 

{2nt^\\ij-g^o^\\^-j^ , 

' \ ' 2ri '' 

Let c = max\ilj\ and s = max\g o {p\ on -D"(0, 2^), then s < 1 by hypothesis. 
This implies that ■ g^ o V'lloo zr{o — ) — which tends to as m — > 00. For 
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fixed /c, ||QfcW^i/.,(^(5'™)||2 = '^\a\<k I'^('^)llk"ll2) where c{a) is tlie coefficients of z" 
in tfie expansion oi ip ■ {g o ip)"^. By tfie above estimate, we fiave 

\a\<k 

For fixed k, the last expression tends to as m — > oo. 

Lemma 3.4. Let e > 0, set = e dBn : \(p{0\ > 1 — e} and let denote 
its complement in dBn, ip G H^. Define an operator K : H°° — > H'^ by K{f) — 

P{Xei'^ ■ (/ ° V')); where P is the orthogonal projection of L/^ onto (where we 
identify a function in with its radial limit function). Then K is compact from 
to , for any 2 < p < oo. 

Proof Let {fm} be a sequence from tlie unit ball of H^. By Lemma 2.4, {fm} 
is a normal family when 2 < p < oo, and this is obviously true for p = oo. So 
there is a subsequence which converges uniformly on compact subset of Bn, to say 
/. For simphcity we still denote this subsequence as {fm}- Clearly / e H^. So 

\\Kfm-Kf\\l < \\P\\'\\XES^-{fmOCp)-XES^-{foip)\\l 



< / IXEfV' • ifm °^)- XE-i^ ■ if o ^p)\^da 

J dBn 

= / Itp ■ ifm o - ■ if o ^)\'^da. 



Since {fm} are uniformly bounded on E^ and ip G H^, the above expression tends 
to as n — > oo by Lebesgue's dominated convergence theorem. This verifies the 
compactness of K. 

Theorem 3.1. ForW^^^ : H°° andip e H"^, then\\W^Ae = {l^^,^,2i^{E))f/^ , 

where E = {^ e dB^ : \ = !}• 

Proof we consider the lower estimate ffist. 

Let g he a non-constant inner function on B^ and set h = g"^ for a positive 
integer m, then 

imAnwi = I \r-{h*o^*)\'da=f_\h*\di,^,^,2 



Ju>(E) 



> 

'fiE) 

where the last inequality follows by the fact that \h*\ = 1 a.e [dfi] on ip{E), this 
is true that h is inner and the restriction of n^,<p,2 to dBn is absolutely continuous 
with respect to a. 

In fact, for any measurable subset E of dBn, 



Jv-'^(E)ndB„ 



l>p-'^{E)ndB„ 

by hypothesis of C^, if cr{E) — 0, then a{(p~^{E)) — 0, and ijl^^^^2{E) — follows. 
So 

\\RkW^J\ > ||Wv..^(^?'")||>||M^^,v^(^?'")||-||QfeW^V',^(^'")|| 

> ^x^,^,2{v{E)) - \\Q,W^,^{g^)\\. 



8 Z.S. FANG AND Z.H.ZHOU 

for all m. 

Fix k and let m — > oo and apply Lemma 3.2 we obtain 
for any k. Now let k oo, by Lemma 3.1 we have the desired lower estimate on 

\\W^^ip\\e- 

Now we turn to the upper estimate. 

Take K as in Lemma 3.3, for any g G H'^ with \ \g\\oD = 1? we have 
WW^M - K{g)\\2 = \\^-go^-P{xE^^p.(fo^))\\ 



2 



\P{xE.i^-{fo^m2<\\xE^i^-{fo^)\\ 



2 



= (/ \^ ■ 9 ° ^\ da)2 < \\g o \ij\'da)^ 

J J Et 

< \\g°v\\oo{ \'4^?day^ 

J 'fi-H<piE,))ndB„ 

= \\9° 'f\\ooilJ'4',fA^iEe))y^'^- 

Let em I and Km the corresponding operator defined by 

KUf) = PixE^y-ifocp)). 

For p = oo we have 

for all m, and let m oo, as desired. 

Corollary 3.1. VF^,<^ : H°° is compact if and only ifipG H'^ and cr{E) = 0. 

Proof If W^^ip is compact, it is obviously bounded, it follows from Lemma 3.1 
that ip G H^. From Theorem 3.1, the compactness of W^^^ implies /i^^<^^2(v'(-S)) = 
0, so a{yD~\y^{E))ndBn) = (see 5.5.9 in [Rud]), therefore < a{E) < a{i^-\<^{E))n 
dBn) = 0, a{E) = 0. 

On the other hand, if E H^, from the proof of theorem 3.1, it follows that 



\\W^J\e<i l^rda)-^ 
Je, 

when e ^ and since <7{E) = 0, we get ||Vr^,<p||e = 0, so W^^y, is compact. 

In the above proof, set ip = 1 e H"^, then ||lVi,^||e = HC^jlle < o-(E)^/^. And if 
set = 1 in theorem 3.1, then 

\\C^\U> i^^^,^,,iE)y/' = ai^-'i^m)'^', 
so a{(f^^{(p{E))) = (y{E), we have the following Corollary 

Corollary 3.2. (Theorem 1 m |GorMj ) : H"^ — >• if^ is hounded and 

\\C^\l = a{Efl\ 

Case 2. p = oo, g 7^ 2 

Theorem 3.2. Suppose W^^^ : H°° H" (q> 1), and G if", then 
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Proof We consider upper estimate first. Obviously W^^r<p is compact for any 
fixed < r < 1. Let E, ^ e 9S„ : \ip{^)\ > 1 - e} and let denote its 
complement in dB^- So 

\\W^,^ - W^^r^W = sup \\{W^,^-W^^rcp)f\\q 



= sup (/ |V'(/o(/p)-V'(/oM)|W)^/ 

11/11^=1 JdBn 

= sup (/ |^(/o(^)-V'(/o(r(^))|W)V^ 

||/||oc = l Je, 

+ sup (/ |V^(/o(^)-V^(/o(r(^))|W)V9 



Apply Lemma 2.4, we can choose r sufficiently close to 1 to make the second term 
less than e||</7||q. For the first term, the triangle inequality yields 

1/0(^(0 -/oM(0|< 2 

So, the first term is less than 

2( / IV^IW)^'? < 2( / IV^IW)^/-^ = 2(/.^,^,,(^(^,)))^/«. 

JEe Jip-'^{ip{E^))r\dBn 

Let Sm i 0, and E,^ = e dB^ : \(p{0\ > 1 - ^m}, then n^^^^q{(p{E,J) 
IJ-i;,'P,q{'^{E)), the upper estimate follows. 

Now we turn to lower estimate. Let / be a non-constant inner function in Bn, 
K is any compact operator. For any positive integer m, the sequence {/"*} are 
in the unit ball of H°°, So there exists a subsequence such that 

converges in norm. Therefore, given e > 0, there exists M such that — 
K{f"^'-)\\q < e for any /c, / > M. Fix k > M, there exists r with < r < 1 such 
that {'ijj{f o ip)"^'')r{z) = ■4'{rz){f o (p{rz))'^'' satisfies 

iiwo(^n).ii,>ii(v^(/o(^n)ii-6. 

Thus, for m > M 

> (1/2)1 o ^r") - (^(/ o - e/2 

> (l/2)(||(.^(/o(^)-'=)||,-||(V;(/o(^rOI|,)-e/2 

> (i/2)(ii(V'(/o^r'=)ii,-ii(v^(/o<^n.ii.)-6. 

letting I oo and h = f'^'' , we have 

= (l/2)(/ \r ■ {h* o ^*)\'idaf'^ - e 



= (i/2)(/ 

J Bn 



1/q 



> (l/2)(/ 

Jip{E) 

> {l/2){^^,^,ME))f''-e 
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Now letting e — yields the result. 

Corollary 3.3. PV^,,^ : H°° — > H'^ is compact if and only if e H'' and o-{E) = 0. 

Proof Combining Lemma 3.1 and Theorem 3.2, the corollary follows. 
Corollary 3.4. (Theorems 2 and 3 |GorMj : H°° H'^ is bounded and 

^a{Ey/''<\\C^\U<2a{Ey/''. 
Proof Let = 1 E H'^, then W^^^ = C^p, the corollary follows by Theorem 3.2. 

4. From Rp to for 1 < q < p < oo 
Theorem 4.1. Assume W^^^p : H'p —>■ H'^ (1 < p < oo) is bounded, then \ \W^^^\\e > 

Proof Let g he a non-constant inner function on Bn and set h = g'^ for a 
positive integer m. Then = 1 for any m, and (7™ converges weakly to as 

m — >■ 00, thus I l-R'/iol I — > for any compact operator from to H'^ when \w\ 1. 
Like in Theorem 3.1, we have 

\\W^^^-K\\ > limsup||(iy^,,^-/0((7"^)||, 

> lim sup WW^Jgn 1 1, - lim sup | \K{g^) \\, 



i/q 



= limsup||iy^,^(^™)||, = limsup( /" ■ {h* o <^*)\ida) 

m^oo m^oo J dB„ 

= limsup( / \h*\dfi^^^^qY^'' > limsup( / \h*\dfi^, 

m— >oo m^oo J Lp{E) 

This ends the proof. 

Corollary 4.1. Assume W^^^ : H'^,p > 1,0 < q < 00 is compact, then 

a{E) = 0. 

Remark 1. We will show that when < p < q < 00 and W^^^ : H'^ 
is bounded, then fi^^^^q{ip{E)) = (see Corollary 6.1), So the above estimate is 
useless. 

Theorem 4.2. Suppose 1 < q < p < 00 and there exists r > q such that W.^^^ : 
—>■ W (1 < p < 00) is bounded, then 

\\W^J\e <\\P\\- \\W^ ,ip\\p,r ■ <^{E) 

where P is the Szego projection of L'^{a) onto H'^. 

Proof We consider the operator K : H"^ defined by 

K{f) = P{xE^^-{fo^)), 
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where P is the Szego projection of L'^{cr) onto H'^. Like in Lemma 3.3, K is compact 
operator from to H'^. So for any g E with | \g\\p — 1, we have 



\W^,^{g)-K{g)\\, 



< 



< 

< 
< 



^ . g O ^ - P{XE-i' ■ {f °^))\V 



|Xi??^-(/o<^)IL 



1-0 • gr o ip\'^da) 1 



dB„ 



r—q 
qr 



ip,ifi\\p,r 



a{E,) 



r—q 
qr 



Letting e ^ yields the conclusion. 



5. From Rp to 1/°° 

Theorem 5.1. For : — > H°° , and < p < oo, then W^^^ is bounded if 
and only if sup (i_|^^(^)|l)„/p < oo. 

Proof " " For any w E B^, define fyj{z) = ^il<^^l]il/p ^ and it is easy to 
check = 1. So 

C>||Wv,¥'|| = sup llWv.v/lloo > sup ||W^,<^/^||oo 

|/||p=l z^Bn 

= sup sup \ilj{z)\\fyj{(p{z))\ 
weB„ zeB„ 

setting w — (p{z), as desired. 



\W^,^\\ = sup IIV^V.'/'lloo = sup sup \tl){z)f {if {z))\ 

\\.f\\r,=l \\.f\L=lzeBn 



< sup sup mz)\- 1 , = sup 



iu:ei. '^^ " (1 - Mz)?r/^ ;a: (i - i^(.)P)-/- 

Theorem 5.2. For W^^^ : — > (p > 1), and W^,^ is bounded, then 

\ij(z)\ 

lim sup 1 — , , < ||Wv,<n||e 

<21im sup 



Proof We consider the upper estimate first. 

For any fixed < r < 1, it is easy to check that W^^rip is compact. Thus 



12 Z.S. FANG AND Z.H.ZHOU 

Now for any < 6 < 1 

- W^ij^r<f\\ = sup ||(W^V,¥' - W^V,r¥')/||oo 
ll/llp=l 

= sup sup \ip{z)\ ■ \fi(fiiz)) - fir(fi{z))\ 

\\f\\p=lz€B„ 

< llV'lloo sup sup \f{(p{z)) - f{r(p{z))\ 

\\f\\p=ldist{cp{z),dBn)>S 

+ sup sup \ip{z)\-\f{ip{z)) - f{rcp{z))\. 

\\f\\p=l dist{<p{z),dBn)<S 

From Lemma 2.4, wc can choose r sufficiently close to 1 such that the ffist term of 
the right hand side is less than any given e. And we denote the second term by /. 
Then, 

/ < sup sup \^^;{z)\■{\f{ip{z))\ + \f{Mz))\) 

\\ f \\p=l dist{^{z),dBn)<5 



< 2 sup l-^f^)! 



dist{^{z),dB„)<S (1 - 

Now let r — > 1 first, then let 5 —> 0, we get the desired upper estimate. 
We now turn to the lower estimate. 

Let K be any compact operator from to H°°. For any w & Bn define 
fw{z) = (iL^<l^i>)2!/p . it is easy to check = 1 and converge weakly to as 

\w\ 1, thus —>■ when \w\ 1. 

So for any < S < 1 

\\W^,^-K\\ > limsup IKVF'^,^ - i^)^||oo 

\w\-^l 

> limsup ||W^,^/i„||oo - limsup ||X/tt,||oo 
= lim sup sup 1-0(^)1 I 

\w\-*l zeBn 

> limsup sup \'ip{z)\\fyj{ip{z))\ 

\w\-*l dist{(p{z),dB„)<S 

Let 5 — > then \(fi{z)\ — > 1 and set w — (fi{z), we obtain the lower estimate of 

Corollary 5.1. Assume W^^^ : — > H°° is bounded, then it is compact if and 
only if 

hm sup 1 , ,1^, , = 0. 

^^Odist(^(z)8B„)<S {l-Hz)\^)-/P 

Remcirk 2. If \\(p\\oo < 1, then E — {z E Bn\(p{z) = 1} = 0, without the loss of 
generality, we set 

1^(^)1 

hm sup ; — r^TTT, — r = 0- 

distMz),dBr,)<S {l-Mz)\^)^/P 
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6. From to H'^ for 1 < p < g < oo 

Definition Let /3 > 1. A finite and positive measure /i on is called a (3—Carleson 
measure. If there is a constant M < cxo such that fi{Sh{C,)) ^ Mh"'^ for all ^ G dBn 
and < h < 2, and it is called vanishing B—Carleson measure if lim sup ^^ftf^^ = 

0. 

Lemma 6.1. (see corollary 2 in |LSlj ). Let fi be a finite and positive measure on 
Bn, and < p < q < oo, then the following statement are equivalent: 

(i) II is a hounded | — Carleson measure. 

(a) There is a constant C < oo so that 

\mf,<c\\f\\i 

for all f in Bn- 

Lemma 6.2. (pC] ) Suppose that < p < q < oo and W^^^ : H'^ is bounded, 

then the following conditions are equivalent: 

(i) f^i;,ip,q vanishing | — Carleson measure 

(a) W^^^ : W is compact operator. 

Theorem 6.1. For Fixed < p < q < oo, then the following statement are 
equivalent: 

(i) l^ip,'^,q is a bounded ^ — Carleson measure, 
(a) W^^^ : HP Ff^ is bounded. 
(Hi) 



(1- 


\z\ 




\1— < w, z > \ 


2nq/p 



sup /_ ^ ^ l2no/p ^^^.y.'?(^) < 

z€Bn JBn 

Proof (i) =^ [ii) 

From Lemma 3.4 , if is bounded | — Carleson measure, then there exists 

constant C such that 

/ i/rrf/i^,^.,<cii/ii^ 

J Bn 

for any / G H^lBn). Apply Lemma 2.1, and put g = |/|'', we have 



\f\'df,^,^,,= / mfo^\''da=\\W^,J\\l- 

J dBn 

So 

\mAf)\\, < c'HfWp 

for any / G HP{Bn). That is, W^^^ : ^ is bounded, 
(ii) =^ (iii) 

For any z e B^ , set f,{w) = (li^'i^^^^al/p , then ||/^||p = 1 
C > \mj\'= sup ||W^^,^/||^> sup 

|/||p = l Z<^Bn 



sup(/ l^/'l^l/^ o y^l^dcr) = sup /_ Ifzl'^dfi^, 

Z&Bn J dBn zeBn JBn 



v,q 



(1- 


\z\ 




\1— < w, z > 


2nq/p 



sup /_ M ^ ... ^ ^ l2no/. ^/^^.^.'?(^) 

zeBn JBn 
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(m) =^ (i) 
Assume that 



(1- 


\z\ 




\1— < w, z > 


2nq/p 



M = sup /_ ^ i2^„/r, ^/^V'.y.g(^^) < 

Z&Bn JBn 



we show that /i^^.i/^.g is a bounded ^ — Carleson measure. 

First let z = 0, then fi^,^,q{Bn) < M. Thus is finite and hence fJ'-4^,ip,q{ShiO) < 
M < AMh'^i/P for all ^ G 95„ and /i > {\)^ . Suppose h < (i)^ and ^ G (95„. 
Let ^0 = (1 — |)^, then for any w G 

|l-<us^o>| = |1 -- + --< w,^o > I 

, , h, 

= 1(1- 2)(l-<^'^>)+2l 
/;,,,, h 3h 

and 1 - = (1 - leo|)(l + M > (1 - l^ol), we have 

(1 - i^oH"^/^ > (1 - luy^'^" c 



So 

- k 11- < -1 > 1-./^ 

^ /" > c/i^,y,g('^fe(^)) 

Therefore, lJ'ip,ip,q is bounded | — Carleson measure. 

Corollary 6.1. If < p < q < oo and W^^^p : H'^ is bounded, then 

fi^,^,q{y^{E)) = 0. 

Proof Denote g the Radon — Nikodym derivative of with respect 

to cr, ^i^^ip^q is absolutely continuous with respect to a on 83^-, so it follows that 

g{h) = hm /" gda = lim ^^'^j^'^f^^ > lim C/i"^/^"" = 

almost everywhere in dBn- Where the penultimate inequality uses the fact that 
a{Sh{b)) is roughly proportional to h"'{see P67 in |Rudj ). Now we have 95^=0, 
the corollary is proved. 

Theorem 6.2. For fixed 1 < p < q < oo and weighted composition operator 
W^^^ : RP — > H'^ is hounded, then 



B„ 



(1- 


\w\ 




|1- < z 


,w > \ 


2nq/p 



|Vr^,^||e> hm /_ ———^^dfi^^^^giz) 



Proof Let K be any compact operator from Hp to For any w G -B„ define 
fwiz) = (iL^<l'fi>)2!/p , it is easy to check = 1 and converge weakly to as 
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\w\ 1, thus ||A'/.n,|| when 1^1 1. So for any < 6 < 1, 
\\W^,^-K\\ > limsup \\{W^^^ - K)f^\\q 

\w\-*l 

> hmsup ||W^,^/^||q - hmsup 

\w\^l \w\^l 



\w\^l JdBr, 



(1- 


\w\ 


\2\^nq/p 


ll- < ^(z), 


W > 


2nq/p 



The conclusion follows. 

We cannot give the upper estimate in the above form, but we have the following 
theorem. 

Theorem 6.3. Assume 1 < p < q < oo and W^^^ : — >• H"^ is bounded, then 
W^^ip : HP — > if^ is compact if and only if 



(1- 


\w\ 




|1- < z 






\2nq/p 



(1- 


\w\ 




|1- < Z 


,w > \ 


\2nq/p 



Proof The necessary condition follows by theorem 6.2. We consider the suf- 
ficient condition. By Lemma 6.2, we only have to show A*^,<^,g is vanishing ^ — 
Carleson measure. Prom the proof of (Hi) ^ (i) in theorem 6.1, for any z e dBn, 
set l^^ol = 1 — I- Suppose 

f (1 - IwR"^/^' 
That is , Ve > 0, 31 > r > 0, when l^l > r we have 

dfl^,^,q{z)\ < 6. 

When /i < 2(1 — r), for any z e dB^ the corresponding j^ol > J^, so 

f (I-I^oP)Wp 

^ ^ y^ji-<^,.o>p-/^'^^'-^"^ 

— lim/p 

This is true for any z e So ^J^■^|},^p,q is vanishing | — Carleson measure. 
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